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Given experimental data measured from an engineering system, response predictions by a stochastic simulation

model involve both parametric uncertainty and random errors. Also, model form uncertainty arises when two or

more simulationmodels predict the responses of an engineering system because it is beyond capability to identify the

best approximating model among the considered model set. In this research, a methodology is developed to quantify

model probability using measured deviations between experimental data and model predictions of the data under a

Bayesian statistical framework.Model averaging is used to combine the predictions of a system response by amodel

set into a single prediction. Then, a nonlinear spring-mass system is used to demonstrate the process for

implementing model averaging. Finally, the methodology is applied to the engineering benefits of a laser peening

process, and a confidence band for a residual stress field is established to indicate the reliability of the composite

prediction of the stress field.

Nomenclature

D = set of experimental data
d = single experimental data
f = model operator
g = nonlinear spring-force function, N=cm
h = probability density function
K = number of model set
L = number of random samples from joint distribution

of random input parameters
M = physical model
N = number of xperimental data set
u = displacement, cm
X = set of deterministic input parameters
y = system response to be predicted
" = prediction error
� = set of random input parameters
� = mass

Subscripts

k = index of models
l = index of random samples on random input

parameters
n = index of experimental data

I. Introduction

T HE structural analysis of engineering systems is becoming
more dependent on the computer simulation of complex phys-

ical phenomena with advances in nonlinear modeling processes. A
simulation model can vary, depending on the underlying physics
considered and on the manner in which a mathematical model is
converted into a simulation model. In other words, we may have two

ormore differentmodels to simulate an identical engineering system.
The consideration of different simulation models creates model form
uncertainty (uncertainty involved in selecting the best approximating
model from a set of models) in addition to the uncertainty in random
input parameters within the considered model set. Uncertainty in
model form can be significant when predictions from different
models vary considerably.

While input parameter uncertainty has been investigated and is
well documented, model form uncertainty has not been extensively
researched in the engineering field when compared with other fields
such as statistics, economics, and environmental science. Alvin et al.
[1] used Bayesian model averaging (BMA) to estimate the model
form uncertainty in the frequency predictions of a component
mounting bracket resulting from the use of three stochastic simu-
lationmodelswhere the elasticmaterialmodulus is considered to be a
random input parameter. The three simulation models had different
levels of simplifying assumptions in their partial differential equation
form, as well as different spatial meshes and different model orders
(i.e., number of discrete solution variables). Model probability,
assigned to each model to quantify model form uncertainty, was
simply assumed to be uniform across the simulation models con-
sidered. Zio andApostolakis [2] used the adjustment factor approach
to estimate the model form uncertainty in the response predictions
regarding the cumulative release of a radionuclide to the water table
given by six different models. The six models differ by some funda-
mental hypotheses on groundwater flow and transport mechanisms.
Model probabilities were evaluated based on expert opinions. Zhang
and Mahadevan [3] estimated the failure probabilities for the butt
welds of a steel bridge using two competing crack growth models
(the Forman and the Weertman crack growth models). They made a
reliability analysis of fatigue life by averaging the estimated failure
probabilities weighted by model probabilities. The uncertainty in
crack size measurement was quantified to evaluate model proba-
bilities using Bayes’s theorem.

Zouaoui and Wilson [4] used BMA to quantify the model form
uncertainty in the prediction of a message delay in a computer
communication network. Although simulation models were used to
predict a message delay, the model probabilities were quantified, not
by using any simulation model but by using three different types of
distributions that represent the uncertainty in an input variable (i.e., a
message length). The distributions were assumed to be of expo-
nential, normal, and lognormal forms. McFarland and Bichon [5]
also used BMA to incorporate probability distribution model form
uncertainty into the estimation of failure probability of a bistable
microelectromechanical systems device. As in the work of Zouaoui
and Wilson [4], model probabilities were assigned to the three types

Presented as Paper 2010-2512 at the 12th AIAA Non-Deterministic
Approaches Conference, Orlando, FL, 12–15 April 2010; received 8 July
2010; revision received 22 November 2010; accepted for publication 9
December 2010. Copyright © 2010 by the American Institute of Aeronautics
and Astronautics, Inc. All rights reserved. Copies of this paper may be made
for personal or internal use, on condition that the copier pay the $10.00 per-
copy fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive,
Danvers, MA 01923; include the code 0001-1452/11 and $10.00 in
correspondence with the CCC.

∗Ph.D. Candidate, Department of Mechanical and Materials Engineering.
Member AIAA.

†Distinguished Professor, Department of Mechanical and Materials
Engineering. Fellow AIAA.

AIAA JOURNAL
Vol. 49, No. 5, May 2011

1038

http://dx.doi.org/10.2514/1.J050741


of distributions (normal, lognormal, and Weibull) representing the
uncertainty in an input variable (i.e., edge bias on beam widths).

In the research mentioned previously, model probability was not
quantified using experimental data on system responses. The
quantified model probabilities could not provide effective measures
of model form uncertainty in terms of predictions of system
responses. In this research, a methodology to evaluate model like-
lihood, which measures how well a model is supported by experi-
mental data relative to other models, using measured differences of
experimental and model outcomes under a Bayesian statistical
framework is developed in order to make an informed estimation of
the probabilities of a stochastic simulation model set. To incorporate
model form uncertainty, prediction by each stochastic simulation
model, which involves both parametric uncertainty and random
error, is averaged using the evaluated model probability as weight.
The proposed methodology is then applied to the engineering
problem of a laser peening (LP) process: a time-dependent high-
impact process.

This paper is organized as follows: The definition of model form
uncertainty is presented in Sec. II. The proposed methodology is
discussed in Sec. III. Model averaging to combine model predictions
is discussed in Sec. IV. Model averaging is illustrated with the
numerical problem of a nonlinear spring-mass system, and the
proposed methodology is applied to the computer simulation of a LP
process in Sec. V.

II. Definition of Model Form Uncertainty

A model represents a particular aspect of the real physical system
in a form we can interpret. We can predict system responses with the
help of a physical model. The generation of a model entails an
idealization of a real system of interest because, in general, a system
is too complicated to be modeled without idealization. Therefore, a
model is not the representation of a real system but the representation
of an ideal system. Different models can be generated to represent an
identical system when different sets of assumptions are made in the
process of modeling the system. In addition to the simplifying
assumptions, a model can vary depending on the decisions made in
the modeling process with regard to the executor’s preferences, the
decision maker’s requirements, and economic considerations. For
instance, to analyze a structure, amodeler can build a number offinite
element (FE) models that are different in terms of element type,
geometry, shape function, mesh size, material behavior, expected
operating load, and boundary conditions, such as various Saturn V
FE models [6].

Given two or more approximating models for a system, the
problem may occur of whether it is feasible to select the model that
represents the system with the highest fidelity from the set of
considered models. Generally, it is beyond our ability to select the
best approximating model from a set of models, because we cannot
with certainty estimate the relative degrees of discrepancy between a
physical system and a model set approximating it due to lack of
complete knowledge about the system; here, the best model is
defined as the one that makes the closest predictions of system
responses of interest among a set of possibilities. In this instance,
uncertainty is involved in selecting the best approximating one from
a set of models. This uncertainty is called model form uncertainty to
distinguish it from the parametric uncertainty associated with each
model. Model form uncertainty is categorized as epistemic
uncertainty [7], since it derives from our lack of knowledge. Model
form uncertainty is represented by model probabilities assigned to a
model set.

Given the data, it is practical to make an educated guess that a
certain model is the best from a set of models using model selection
criteria, such as the Akaike information criterion or the Bayesian
information criterion [8]. Model selection criteria select a particular
model that better fits into observed experimental data and has a
smaller number of regression parameters when compared with the
other models in a model set as the best model. However, the relative
goodness of fit of a model set may vary depending on the sample size
of experimental data. Therefore, a model regarded as the best of a

model set might not be the best if additional experimental data
support another model. Because of this possibility, model form
uncertainty cannot be eliminated even after observing experimental
data. Ignoringmodel form uncertainty often leads to underestimating
uncertainty in prediction of a response [9,10].

III. Quantification of Model Probability

The methodology to quantify model probability is developed in
this section.

A. Bayes’s Theorem for Quantifying Model Probability

Model probability is defined as the degree of belief that a model is
the best approximating one among a model set [11]. Given experi-
mental data D, Bayes’s theorem presents a way to update the prior
probability of modelMk into posterior probability ofMk by

Pr�MkjD� �
Pr�DjMk�Pr�Mk�P

K
m�1 Pr�DjMm�Pr�Mm�

; k� 1; . . . ; K (1)

whereK is the number of models. Prior model probabilityPr�Mk� is
the probability ofmodelMk evaluated before observing experimental
data D. When given neither expert opinion nor engineering
information about the models considered, prior model probability
Pr�Mk� is usually given a uniform probability, Pr�Mk� � 1=K. In
Eq. (1),Pr�DjMk�, which is broadly known asL�MkjD�, is called the
likelihood of modelMk given experimental dataD, because the first
argument D is known, while the second argument Mk is not held
fixed [12]. The numerical value of the likelihood Pr�DjMk� is of no
importance; all that matters is the ratio of two different likelihoods:
Pr�DjMp� and Pr�DjMq�, p ≠ q, given the same data D. The
posterior probability Pr�MkjD� of modelMk is only proportional to
prior probability Pr�Mk� and model likelihood Pr�DjMk� because
the denominator in Eq. (1) is common to all models.

B. Formulation to Involve a Random Error into Model Prediction

Model likelihood Pr�DjMk� is evaluated for each model by
measuring the degree of agreement between experimental data and
predictions of the data by each model. For this purpose, the
probabilistic relationship between experimental data and model
predictions involving uncertainty should be described [13]. There are
various formulations developed to describe the probabilistic relation-
ship. Usually, bias function and measurement error are included as
parts of the probabilistic relationship when matching model
predictions with experimental data. The bias function captures
systematic discrepancies between the true responses and predictions
by a model [14,15]. The measurement error is usually assumed to be
an independent normal variable with the mean of zero. Kennedy and
O’Hagan [16] used Bayesian statistical methodology to quantify the
uncertainty in the bias function modeled by a Gaussian process.
Xiong et al. [17] treated the bias function as a deterministic
regression model. Additionally, the fundamental concepts and
methodologies to quantify random prediction errors associated with
large-scale simulation models are being actively developed by
professional societies, including the AIAA [18] and the American
Society of Mechanical Engineers [19], especially aiming at
validating simulation models.

In this research, a formulation that combines bias function
associated with an approximating model and measurement error on
data is used to describe the probabilistic relationship between
experimental data and model predictions [20]. The formulation is
represented by

yk � fk�Xk� � "k; "k �N �0; �2k� (2)

Xk is a set of deterministic parameters within modelMk, and "k is a
random variable that encompasses both bias associated with model
prediction fk�Xk� and measurement error on experimental data. The
normal random variable "k is assumed to be independent and
identically distributed (IID) with zero mean and unknown variance
�2k . Thevariable "k results from the inadequatemodel form, imperfect
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numerical implementation, inaccurate input parameters, and mea-
surement error. The variable "k is considered to involve uncertainty
even if the uncertainties in the model forms and parameters under
consideration are perfectly quantified, because we cannot take all
relevant models and parameters into consideration [21].

The use of "k with zero mean reflects the fact that a model claims
that its prediction fk�Xk� is the most probable value. The reason that
the bias function is not included separately in the probabilistic
relationship in this research is that a separate incorporation of the bias
function results in shifting a model prediction from the initially
predicted value fk�Xk�. Although this can reduce the bias involved in
model prediction, model probabilities will be evaluated depending
on the shifted predictions. Also, including an unknown bias function
separately may result in the problem of degrees of freedom given that
there are generally quite limited amounts of experimental data such
as the engineering applications. Increasing the number of unknown
parameters usually leads to a reduction in the accuracy of estimation,
because it costs a degree of freedom to estimate each unknown
parameter. If a more complicated formulation is desired, the
covariance matrix of errors may be estimated. However, errors are
assumed to be independent in this research due to insufficient
experimental data to estimate the correlation among errors.

C. Predictive Distribution of a Response Under Each Model

Consider that a set of models predicts a system response. Since the
mean of random error "k is zero, Eq. (2) is rewritten as

hY�yjMk;D� �N �fk�Xk�; �2k � (3)

The unknownvariable �2k can be determined by using the differences
between a set of experimental data and the predictions of the data by
each modelMk. Consider that experimental data D� fd1; . . . ; dNg
are observed. The measured prediction errors of model Mk given
experimental data D are

"kn � dn � fk�Xkn�; n� 1; . . . ; N (4)

where fk�Xkn� is the prediction of a single experimental data dn by
modelMk. Because a measured prediction error "kn is considered to
be a realization of an IID normal variable "k �N �0; �2k�, �2k is
calculated by Eq. (5) based on the maximum likelihood estimation
approach:

�2k �
P

N
n�1 "

2
kn

N
(5)

Now, consider that input parameters within modelMk consist of a
set of random parameters �k as well as a set of deterministic
parametersXk. Uncertainty in�k is represented by a joint probability
density function h�k

��kjMk� under modelMk. For this research, a set
of random parameters �k are considered to be independent of
experimental data D. Therefore, h�k

��kjMk� is not updated after
observing dataD. Incorporating a random prediction error of model
Mk, as well as parametric uncertainty in �k, the predictive
distribution of response y underMk given data D is represented by

hY�yjMk;D� �
Z
�k

h�k
��kjMk�hY�yjMk; �k; Xk;D� d�k (6)

and hY�yjMk; �k; Xk;D� �N �fk��k; Xk�; ��k�2�k � (7)

Equation (6) [10] represents the marginal distribution of response y
where the random variable set �k is marginalized out. Because
prediction error "k is assumed to be normally distributed,
hY�yjMk; �k; Xk;D� is represented as a normal density function
given �k � �k in Eq. (7). However, due to the existence of the
collection of random parameters �k, the mean fk��k; Xk� and
variance of hY�yjMk; �k; Xk; D� are probabilistically distributed,
unlike hY�yjMk� in Eq. (3).

It is impossible to analytically solve Eq. (6) for most engineering
problems where fk��k; Xk� and ��k�2�k cannot not be explicitly

represented by the probability density functions of �k. Using the
Monte Carlo integration technique, the integral in Eq. (6) is
numerically solved using data points randomly sampled from
h�k
��kjMk�, as expressed by

hY�yjMk;D� 	
1

L

XL
l�1

N �fk��̂kl
; Xk�; ��k�2�̂kl

� (8)

�̂kl
is the lth data point randomly sampled from h�k

��kjMk�, andL is

the number of sampled data points. Given a realization �̂kl
of �k,

fk��̂kl ; Xk� and ��k�2�̂kl

are deterministic values. The mean

fk��̂kl
; Xk� is the prediction from model Mk given �k � �̂kl

. The
variance ��k�2�̂kl

can be calculated using Eqs. (4) and (5); fk�Xkn � in
(4) is replaced with fk��̂kl

; Xkn �.

D. Evaluation of Model Likelihood

The likelihood of model Mk given experimental data D is
represented by [10]

Pr�DjMk� �
Z
�k

h�k
��kjMk�h�k

�DjMk; �k; Xk� d�k (9)

Consider that experimental dataD� fd1; . . . ; dNg are observed, and
the predictions of dataD are given as fk��k; Xk1 �; . . . ; fk��k; XkN � by
model Mk. Given the assumption that experimental data D are
independent of one another, h�k

�DjMk; �k; Xk� is represented by

h�k
�DjMk; �k; Xk� �

YN
n�1

h�k
�dnjMk; �k; Xkn�

�
YN
n�1

N �dn; fk��k; Xkn�; ��k�2�k � (10)

N �dn; fk��k; Xkn�; ��k�2�k � is the probability density of

N �fk��k; Xkn�; ��k�2�k � for the experimental data dn. To analytically

calculate the integral in Eq. (9),N �dn; fk��k; Xkn�; ��k�2�k � should be
represented as a function (likelihood function) of �k. However, the
explicit expression of N �dn; fk��k; Xkn �; ��k�2�k � cannot usually be

acquired in engineering problems.
The Monte Carlo integration technique is used to find an

approximate solution for Eq. (9), depending on data points �̂kl
,

l� 1; . . . ; L, randomly sampled fromh�k
��kjMk�. Given�k � �̂kl

,
h�k
�DjMk; �k; Xk� in Eq. (10) is represented by

h�̂kl
�DjMk; �̂kl

; Xk�

�
YN
n�1

1��������������������
2���k�2�̂kl

q exp

�
�
fdn � fk��̂kl

; Xkn�g2
2��k�2�̂kl

�
(11)

Because

��k�2�̂kl

�
P

N
n�1fdn � fk��̂kl

; Xkn �g2
N

by Eq. (5), Eq. (11) is simplified into

h
�̂kl
�DjMk; �̂kl

; Xk� �
 

1

2���k�2�̂kl

!
N=2

exp

�
�N

2

�
(12)

When

h
�̂kl
�DjMk; �̂kl

; Xk�; . . . ; h�̂kL
�DjMk; �̂kL

; Xk�

are calculated, the integral in Eq. (9) is approximated by
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Pr�DjMk� 	
1

L

XL
l�1

 
1

2���k�2�̂kl

!
N=2

exp

�
�N

2

�
(13)

IV. Model Averaging

The model averaging technique averages the predictions of a
response by a model set using model probabilities as weights. The
predictions of a response made by a set of models are weighted by
the probabilities assigned to the set ofmodels and then integrated into
the composite prediction of the response, as in

hY�yjD� �
XK
k�1

Pr�MkjD�hY�yjMk;D� (14)

As shown in Eqs. (6) and (7), the posterior probability density
function hY�yjMk;D� represents the uncertainty in the prediction of
response y by model Mk due to both uncertainty in the input
parameter set �k and uncertainty in prediction error "k. The
composite prediction hY�yjD� incorporates model form uncertainty
as well as both the uncertainties, because hY�yjD� is obtained by
averaging over hY�yjMk;D� weighted by probability value
Pr�MkjD�.

If predictive distribution hY�yjMk;D� estimated by modelMk has
the mean E�yjMk;D� and the variance Var�yjMk;D�, the mean and
variance of composite predictive distribution hY�yjD� are calculated
by [9]

E�yjD� �
XK
k�1

Pr�MkjD�E�yjMk;D� (15)

and

Var�yjD� �
XK
k�1

Pr�MkjD�Var�yjMk;D�

�
XK
k�1

Pr�MkjD��E�yjMk;D� � E�yjD��2 (16)

As shown in Eq. (15), the mean of hY�yjD� is the average of means
of predictive distributions under a model set, using model
probabilities as weights. The variance of hY�yjD� is decomposed
into the sum of two terms. as shown in Eq. (16). The first term,
called within-model variance, represents the average degree of un-
certainty in each model prediction of response y. The second term,
called between-model variance, represents the degree of model
form uncertainty in prediction of response y.

V. Demonstration Problems

The model averaging technique is demonstrated using a problem
of natural frequency prediction in a nonlinear spring-mass system.
Next, the methodology suggested to quantify the model form
uncertainty associated with physics-based simulations using
experimental data is applied to the FE analysis of a LP process.

A. Nonlinear Spring-Mass System

1. Problem Description

The free vibration of a single-degree-of-freedom spring-mass
system with a nonlinear spring is represented by

� �u� g�u� � 0 (17)

where � is a mass, and g�u� is a nonlinear spring-force function of
displacement u.

Using different spring-force functions, different mathematical
models are created to represent the free vibration of a nonlinear
spring-mass system. Three spring-force functions considered for this
problem are expressed by

g1�u� � �u1=3 (18)

g2�u� � �u� �u3 (19)

and

g3�u� � �u�
	u��������������
1� u2
p (20)

where �, �, �, �, and 	 are the parameters used to specify the spring-
force functions. The three nonlinear spring-force functions are
graphically represented in Fig. 1, given the parameter values of
�� 0:65 N=cm4=3, �� 1 N=cm2, � ��0:35 N=cm4, �� 1 N=
cm2, and 	��0:5 N=cm. The nonlinear spring is described as the
stiffest by Eq. (18) and as the most flexible by Eq. (20).

2. Natural Frequency Prediction of a Spring-Mass System Using Three

Mathematical Models

The natural frequency predictions by the three mathematical
models depend on the following equations [22]:

!� 1:070451�1=2u�0��1=3 (21)

!�
���������������������������
�� 3

4
�u�0�2

r
(22)

and

!�

������������������������������������������������������������������������������������������R �=2
0 f�cos2t� �	cos2t=

�������������������������������
1� u�0�2cos2t

p
�g dtR �=2

0 sin2t dt

vuut (23)

Themass and initial velocity of the system are given as�� 1 kg and
du=dt�0� � 0 cm=s. The initial displacement is regarded as a
random input parameter and represented by a normal distribution,

Fig. 1 Nonlinear spring force in three differentmodels of a spring-mass

system.

Fig. 2 Composite predictive distribution of natural frequency together

with predictive distributions under three models.
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u�0� �N �1 cm; 0:04 cm2�. The randomness in the initial displace-
ment results in parametric uncertainty in the prediction of the natural
frequency by eachmodel. To construct a predictive distribution of the
natural frequency under each model, 100,000 random samples are
drawn from the normal distribution that represents the randomness in
the initial displacement. Figure 2 shows the kernel density estimates
for the predictive distributions under the three models based on the
100,000 random samples. The means and variances of the three
predictive distributions are shown in Table 1. The mean of natural
frequency prediction bymodel 1 (0:8712 rad=s) is the largest among
the three models, since model 1 describes the nonlinear spring of the
system as the stiffest. Themean ofmodel 3 prediction (0:7858 rad=s)
is the smallest, since model 3 describes the spring as the most
flexible. The variances of model 1 and model 2 predictions of the
natural frequency (4:00 
 10�3 rad2=s2 and 4:20 
 10�3 rad2=s2,
respectively) are little different from each other. The variance of
model 3 prediction (3:74 
 10�4 rad2=s2) is considerably smaller
compared with the variances of model 1 and model 2 predictions.

3. Quantification of Model Probabilities

The probabilities of the three models must be quantified to weigh
the predictive distributions from the three models. The model
probabilities are assumed for this problem because no information is
available to evaluate them (Table 1). Model 2 has the largest effect on
the integration of the three model predictions, because model 2 has
the highest model probability.

4. Combination of Predictive Distributions

Given the model probabilities and the predictive distributions
estimated by the three models, the composite predictive distribution
of the natural frequency can be constructed using Eq. (14). As shown
in Fig. 2, the composite predictive distribution has two modes due to
the effect of model 3 prediction having a significantly large mode.
Using Eqs. (15) and (16), the mean and variance of the composite
prediction are calculated as shown in Table 1. The mean of the
composite prediction is almost the same as themean of the prediction
by model 2, because the weighted means of the three model
predictions are almost symmetrical around the mean of model 2
prediction. The variance of the composite prediction (4:29

10�3 rad2=s2) is the sum of the within-model variance (3:37

10�3 rad2=s2), which measures the average degree of parametric
uncertainty in each model prediction. and the between-model
variance (9:17 
 10�4 rad2=s2), whichmeasures the degree ofmodel
form uncertainty in the composite prediction. The dominance of the
within-model variance over the between-model variance indicates
that the parametric uncertainty associated with the three models
considered is more significant than the model form uncertainty.

B. Finite Element Simulation for Laser Peening Process

1. Problem Description

LP is an advanced surface enhancement technique that has been
shown to increase the fatigue life ofmetallic components. LP has also
been shown to increase the corrosion and fretting properties of
metals. During the LP process, laser energy is converted into shock
waves at the surface that induce compressive residual stresses.
Fatigue life is improved as the induced compressive residual stresses

inhibit the formation of cracks. A detailed description of a LP process
can be found in [23,24].

In simulating the LP process, obtaining an accurate description of
material behavior is a challenging task because of the high strain rates
experienced by the material. During the LP process, the strain rates
experienced by a material can reach as high as 106=s. In such high
strain-rate processes, different material models are available to
describe the elastic–plastic behavior. In a recent paper [25], three
material models were considered to describe the material behavior:
the Johnson–Cook (JC) model, the Zerilli–Armstrong (ZA) model,
and the Khan–Huang–Liang (KHL) model.

Each material model creates a different FE simulation to predict
the residual stress field induced by a LP process. The simulation
requires intensive computer effort due to modeling of the material
behavior under high-pressure shock waves with plastic deformation
and timemarching numerical procedures. A schematic illustration of
the LP FEmodel for this problem is shown in Fig. 3. In this problem,
the peak value of a pressure pulse induced by a laser shot is
considered to be a random input parameter. The parametric un-
certainty in the peak pressure value is represented by a normal
distribution with the mean of 5.5 GPa and the standard deviation of
0.275GPa.To quantify uncertainty in prediction of the residual stress
field by each model, 800 random samples are drawn from the normal
distribution representing the uncertainty in the peak pressure value.
Even if a comparatively small number of random data are sampled
due to a high computational cost, a set of 800 sampled data (FE
simulations) proves to be sufficient for representing the parametric
uncertainty with acceptable accuracy after a convergence study. The
means of the predictions of the residual stress field by the three FE
models are shown with observed experimental data [26] in Fig. 4.
Basing a prediction of the residual stress field on a single model can
cause unreliable results because it is beyond our capability to know
which of the three models makes a prediction closest to the true
residual stressfield. The significant differences between themeans of

Table 1 Model probabilities, means and variances of natural

frequency predictions by three mathematical models and the

composite prediction for a spring-mass system

Model
probability

Mean,
rad=s

Variance, rad2=s2

Model 1 0.3 0.871 4:00 
 10�3

Model 2 0.5 0.850 4:20 
 10�3

Model 3 0.2 0.786 3:74 
 10�4

Composite 1.0 0.844 3:37 
 10�3 � 9:17 
 10�4

� 4:29 
 10�3

Fig. 3 Representative axisymmetric FE mesh for the LP simulation

model.

Fig. 4 Residual stress comparison between experimental data

measured at a distance of 1 mm from the center of a cylindrical LP

component, andmeans of the predictions of the data by three FEmodels.
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the three simulation outcomes imply that the model form uncertainty
in the prediction of the residual stress field might be considerable.
Themeasured differences between the experimental data observed at
10 points of different depths and the predictions of the data by the
models considered are assumed to be independent of one another,
and they are used as information to estimate the probabilities of the
three FE models.

2. Quantification Model Form Uncertainty in Finite Element Simulation

for Laser Peening Process

For this problem, the prior probabilities of the three FEmodels are
assumed to be uniform because of the lack of information to quantify
them. The evaluation of model likelihoods is required to update the
prior model probabilities into the posterior model probabilities using
Bayes’s theorem, shown in Eq. (1). The prediction of a residual stress
at any depth by a FE model involves an unknown random error as
well as the parametric uncertainty arising from the randomness in the
peak pressure pulse. Given each of the 800 samples randomly drawn
from the distribution for the peak pressure, the variance of random
prediction error associatedwith each FEmodel is computed using the
differences measured between the observed data and the predictions
of the data made by each model based on each random sample by
Eq. (5). Using Eq. (8), the quantified random error is incorporated
into the prediction of a residual stress made by each model. The
likelihoods of the considered three FE models given the observed
experimental data are computed using the number of the observed
data, and the calculated variances of random prediction errors as
shown in Eq. (13).

Using model averaging, shown in Eq. (14), the predictions of a
residual stress at any depth by the three models involving both
parametric uncertainty and random prediction errors are combined
into a single composite prediction. The composite predictive
distribution of a residual stress incorporates the uncertainties arising
from the uncertainty associated with the use of the three different FE
models, the randomness in the peak pressure value, and the random
errors involved in the predictions of the residual stress by the models
considered. The mean and variance of the composite prediction of a
residual stress are calculated using Eqs. (15) and (16).

3. Results of Quantifying Model Form Uncertainty and Combining

Model Predictions

The posterior probabilities of the three FE models are shown in
Table 2 together with the prior model probabilities and model
likelihoods. As shown in Eq. (1), equal prior model probabilities
cancel out in the calculation of posterior model probabilities. The

posterior probability of a model is the ratio of the likelihood for the
model to the sum of likelihoods for all the considered models.
Therefore, a posterior model probability indicates the measure of
howwell amodel is supported by the experimental data relative to the
othermodels. The posterior probability of the FEmodel that includes
the ZA material model (1:585 
 10�6) is significantly smaller than
the two FE models that include the JC and the KHLmaterial models
(8:075 
 10�1 and 1:925 
 10�1, respectively), because the first FE
model is poorly supported by the observed experimental data when
compared with the last two FE models. In other words, the first FE
model has considerably less chance of being the best approximating
one than the last two FE models. It can be inferred from this fact that
the JC and the KHL material models are much more effective in the
simulation of the LP component than the ZAmaterial model. The FE
model that includes the JC material model (the JC-based FE model)
has a considerable degree of likelihood of being the best model when
compared with the other two models. However, it cannot be
concluded that the uncertainty involved in the selection of the best
model is negligible, because the amount of the experimental data is
comparatively small.

Figure 5 shows the composite predictive distribution of the
residual stress on the surface at 1 mm distance from the center of the
LP component and the predictive distribution of the stress estimated
by each model. The mean and standard deviation of the composite
prediction of the residual stress are shown in Table 3 along with the
mean and standard deviation of prediction of the stress by each
model. The mean of the composite prediction (�233:54 MPa) is
slightly different from themean of the JC-based FEmodel prediction
(�233:73 MPa) because the effect of the JC-based FE model
prediction on the mean of the composite prediction is significant due
to the comparatively largevalue of the probability of the JC-based FE
model. The standard deviation of the composite prediction
(39.41 MPa) is larger than the standard deviation of the JC-based
FE model prediction (29.59 MPa), mainly due to the considerably
large standard deviation of the KHL-based FE model prediction
(66.31 MPa). The standard deviation of the composite prediction
indicates the total degree of uncertainty in the prediction of the
residual stress due tomodel formuncertainty, parametric uncertainty,
and random prediction errors. Figure 6 shows the mean of the

Table 2 Prior probabilities, likelihoods, and posterior probabilities

of three FE models for an axisymmetric LP component

Prior model
probability

Model
likelihood

Posterior model
probability

JC-based FE model 3:333 
 10�1 4:305 
 10�19 8:075 
 10�1

ZA-based FE model 3:333 
 10�1 1:026 
 10�19 1:925 
 10�1

KHL-based FE model 3:333 
 10�1 8:450 
 10�25 1:585 
 10�6

Fig. 5 Composite predictive distribution of the residual stress on the

surface alongwithpredictive distributions estimatedby threeFEmodels.

Table 3 Mean and standard deviation of predictions by three FE

models and the composite prediction of the residual stress

on the surface at 1 mm distance from center

Mean, MPa Standard deviation, MPa

JC-based FE model �233:732 29.586
ZA-based FE model �232:719 66.308
KHL-based FE model �285:596 96.769
Composite �233:537 39.413

Fig. 6 Mean of composite prediction and 95% confidence band of

residual stress field.
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composite prediction of the residual stress field that indicates the
expected value of the true residual stress at every depth.

4. Establishment of Confidence Band for Residual Stress Field

In addition to the expected value of the true residual stress at every
depth represented by the mean of the composite prediction, an
interval estimate of the true stress is made to indicate the reliability of
the composite prediction. For this problem, a 95% confidence
interval for a residual stress at every depth is established by choosing
an interval where the probability of being below the interval is the
same as the probability of being above [27]. A 95% confidence
interval represents the interval that is expected to include the true
residual stress with a probability of 0.95. By connecting the upper
and lower endpoints at all the depths, an upper and a lower bound
curve are drawn, respectively (Fig. 6). The width of the 95%
confidence band may be thought of as the measure of the degree of
uncertainty in the composite prediction of the residual stressfield due
to the three types of uncertainty. As shown in Fig. 6, all the observed
experimental data are included within the established confidence
band. Therefore, residual stresses not yet observed are expected with
a high degree of reliability to fall within the established confidence
band.

VI. Conclusions

In this research, amethodology to evaluate model likelihood using
the measured differences between observed experimental data and
model predictions of the data involving both parametric uncertainty
and random errors is developed to quantify model form uncertainty.
The expression used to describe the probabilistic relationship be-
tween experimental data andmodel predictionsmakes the evaluation
ofmodel likelihood easy to implement. By incorporatingmodel form
uncertainty, the prediction of a system response is made un-
conditionally, independent of the specific model considered; the
variance in the prediction that would bemissing if a singlemodelwas
considered is incorporated into the composite prediction.

Themodel averaging technique is illustrated with the combination
of the predictions of the fundamental natural frequency for a
nonlinear spring-mass system made by the three mathematical
models. The proposed methodology is applied to the FE simulation
of a LP process. Model form uncertainty is quantified by evaluating
model probability using the limited experimental data on residual
stresses and the stochastic predictions of the data from the considered
FE models. The composite prediction of a residual stress field
incorporates model form uncertainty, parametric uncertainty, and
random errors involved in model predictions. Given stochastic
predictions by a model set and observed experimental data, the
proposed methodology can be applied to any problem of model form
uncertainty quantification, regardless of the number of considered
models and experimental data. However, model probability is
quantified based on observed experimental data alone, not using
prior information about a model set from the physical approach
(either expert opinion or partial engineering knowledge).
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